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WORKSHOP ON THE CE/SE METHOD

Abstract

The space-time conservation element and solution element (CE/SE) method, which
was originated and is continuously being developed at NASA Glenn Research Center, is a
high-resolution, genuinely multidimensional and unstructured-mesh compatible numerical
method for solving conservation laws. Since its inception in 1991, the CE/SE method
has been used to obtain highly accurate numerical solutions for 1D, 2D and 3D flow
problems involving shocks, contact discontinuities, acoustic waves, vortices, shock /acoustic
waves/vortices interactions, shock/boundary layers interactions and chemical reactions.
Without the aid of preconditioning or other special techniques, it has been applied to both
steady and unsteady flows with speeds ranging from Mach number = 0.00288 to 10. In
addition, the method has unique features that allow for (i) the use of very simple non-
reflecting boundary conditions, and (ii) a unified wall boundary treatment for viscous and
inviscid flows.

The CE/SE method was developed with the conviction that, with a solid foundation
in physics, a robust, coherent and accurate numerical framework can be built without in-
volving overly complex mathematics. As a result, the method was constructed using a set
of design principles that facilitate simplicity, robustness and accuracy. The most important
among them are: (i) enforcing both local and global flux conservation in space and time,
with flux evaluation at an interface being an integral part of the solution procedure and
requiring no interpolation or extrapolation; (i) unifying space and time and treating them
as a single entity; and (iii) requiring that a numerical scheme be built from a nondissi-
pative core scheme such that the numerical dissipation can be effectively controlled and,
as a result, will not overwhelm the physical dissipation. Part I of the workshop will be
devoted to a discussion of these principles along with a description of how the 1D, 2D
and 3D CE/SE schemes are constructed. In Part II, various applications of the CE/SE
method, particularly those involving chemical reactions and acoustics, will be presented.
The workshop will be concluded with a sketch of the future research directions.
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*

Appendix A. A Sample Program

implicit real*8(a-h,o-z)
parameter (nxd=1000)

dimension q(3,nxd), gn(3,nxd), gx/

3,nxd), gqt(3,nxd),

s(3,nxd), vx1(3), vxr(3), xx {(nxd)

nx must be an odd integer.
nx = 101
it = 100
dt = 0.44-2
dx = 0.14-1
ga = 1.4d0
rhol = 1.d0
ul = 0.d0
1l =1.4d0
rhor = 0.125d0
ur = 0.d0
pr = 0.1d0
ia = 1
nxl = nx + 1
nx2 = nx1l/2
hdt = dt/2.d0
tt = hdt*dfloat (it)
gqdt = dt/4.do
hdx = dx/2.d0
gdx = dx/4.d0
dtx = dt/dx
al = ga - 1.d0
a2 = 3.d0 - ga
a3 = a2/2.do0
a4 = 1.5d0*al
u2l = rhol*ul
u3l = pl/al + 0.5d0*rhol*ul**2
u2r = rhor*ur
u3r = pr/al + 0.5d0*rhor*ur**2
do 5 j = 1,nx2
q{l,j) = rhol
g(2,3) = u2l
q(3,3) = u3l
g(l,nx2+j) = rhor
g(2,nx2+j) = u2r
Q(3,nX2+J) = u3r
do 51 =1,3

ax(i,j) = 0.d0
gx(i,nx2+j) = 0.d0
continue

open (unit=8,file='for008")
write (8,10) tt,it,ia,nx
write (8,20) dt,dx,ga

write (8,30) rhol,ul,pl
write (8,40) rhor,ur,pr
do 400 1 = 1,it

m=nx + 1 - (i/2)*2

do 100 j = 1,m

w2 = q(2,3)/a(1,3)

w3 = q(3,3)/q(1,3)

f21 = -a3*w2**2

f22 = a2*w2

£31 = al*w2**3 - ga*w2*w3
f32 = ga*w3 - ad*w2**2
£33 = ga*w2

gt (1,3) = -ax(2,3)



qt(2,7) = -(f21*gx(1,3) + f22*qgx(2,3) + al*gx(3,3))

gr(3,3j) = -(£31*gx(1,3) + f32*qgx(2,3) + £33*qx(3,3))

s{1,3) = gdx*gx(1,3) + dtx*(q(2,3) + qgdt*gt(2,3))

s(2,]) = gdx*gx(2,]) + dex* (£21*(g(l,]) + th*qt(l,])) +

*  f22*(q(2,3) + th*qt(2 3)) + al*(g(3,3) + gdt*gqt (3,3)))

s(3,3) = qu*qx(3 j) o+ dtx*(f3l*(q(l,j) + gdt*qt(1,3)) +

* f32*(q( ,3) o+ th*qt(2 j)) + £33*(g(3,3) + gdt*qt(3,3)))
100 continue

if (i.ne.(i/2)*2) goto 150
do 120 k = 1,3

gx (k,nx1) = gx(k,nx)
an(k,1) = q(k,1)
an(k,nx1) = gq(k,nx)
120 continue
150 j1 = 1 - 1 + (i/2)*2
mm =m - 1
do 200 j = 1,mm
do 200 k =1,3
qn(k,j+j1) = 0.5d0*(q(k,3) + gk, j+1) + s(k, j) - s(k,j+1))
vxl(k) = (gn(k,j+31) - q( ,3) - hdt=*qgt (k,3j) )/hdx
vxr (k) = (g(k,j+1) + hdt*qt(k,j+1) - qn(k j+3j1)) /hdx
gx(k,j+j1) = (vxl (k) * (dabs (vxr (k) Y)**ia + vxr(k)*(dabs(vxl( 1))
* **ia)/((dabs(vxl(k)))**ia + (dabs(vxr(k)))**ia + 1. d-60)

200 continue
m=nxl - i+ (i/2)*

do 300 j = 1,m
do 300 k = 1,3
ag(k,j) = an(k,J)

300 continue
400 continue

c
m = nxl -it + (it/2)*
mm=m - 1
xx (1) = -0.5d0*dx*dfloat (mm)
do 500 j = 1,mm
xx(j+1) = xx(j) + dx
500 continue
do 600 j = 1,m
X = q(zrj)/q(llj
y = al*(g(3,j) - 0. 5d0*x**2*q(1,j))
z = x/dsqrt(ga*y/q(1,3))
write (8,50) xx(3), q(1 i), X,¥.2

600 continue

c
close (unit=8)
10 format(’* t = ’,gl4.7,’ it = ',1i4,’ ia = /,i4,' nx = ',14)
20 format(’ dt = ‘,gl4.7,’ dx = ’,914 7, gamma = ',g9l4.7)
30 format (* rhol = ',gl4.7,’ ul = ’',gl4.7, pl = ',914.7)
40 format (! rhor = ‘,gl4.7,’ ur = ,gl4 7 pr = ',gl4.7)
50 format (' x =',f8.4,' rho =',£f8.4,' u f8.4,' p =',£8.4,
* *' M =',f8.4)
stop

end
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For any (z,t) € SE(j,n), let

(1.5) u(z,t) ~ u*(z,t;j,n) and mﬁ.ﬁ& ~ m*?,ﬁ& n)
with

* . def o n n n
AHQV u AHHM?\;V = Uy +A§ev.u. AH |Huv+ﬁgﬁvu_ Twlﬁ v
(1.7) R*(z,t;5,n) € (aw*(z,t;5,n), u*(2,t55,n))

Here u?, (uz)}, and (u;)7 are constants in SE(7, n).

Let u = u*(x,t;7,n) satisfy the convection equation. Then

(1.8) (ug)? = —a(ug)?

Egs. (1.6) and (1.8) =
(1.9) uw*(z,t;7,n) = ui + (uzg)7 (z—=zj) —a(t— t")], (z,t) € SE(4,n)

i.e., there are two independent marching variables u? and (u,)} for each (7, n).



Let AB € SE(j,n) be a part of S(V). Then

(1.7) h*(z,t55,n) € (au*(z,t;5,n), u*(z,t;5,n))
and
| (19 w(@tiin) =ul + (@) (@ —z;) —alt—t")], (1) € SE(,n)
N
(1.10) \@.m* .di = F*Aaiaya .i x £
| where

(1) (z,t.) are the coordinates of the midpoint of AB.
(ii) 7 is the outward unit normal of V' at AB.
4

(iii) ¢ is the length of AB.




For any mesh point (j,n), let

4+\n def AZ def aAat .
(1.11) (u7)7 = Nl?avw and v = —
Hereafter the superscript symbol “+” is used to denote a normalizetl parameter.
Using Eq. (1.11) and the assumption 1+ 7 Jr+
(1.12) X h*.ds=0
.WAQ@WC.,S.VV
one has =y
, il il
n—1/2 Y
(1.13) [(1-v)u+(1- twvﬁﬁw =[1-v)u—-(Q1- twvﬁﬁip\w
and
n—1/2
(1.14) (1+v)u—(1- N\wv:ﬁw =[(1+v)u+(1- vwv:“.f.ly\m

for all (4,n). To simplify notation, in the above and hereafter we adopt a convention
that can be explained using the expression on the left side of Eq. (1.13) as an example,
1.e.,

(1 —v)u+(1- :wvzﬁw = (1 -v)ul + (1 —v*)(u3)}



Let

) n—1/2 def n—1/2
(1.15) (58)imae = (= +v)ul]; )
n-—-1/2 def n—1/2
(1.16) Amlvul\\m = F +(1- S:HTL\M
_ a+\n def 1 n— n—
(1.17) (ue™)i =3 ?Lim\\w LTVTQ&

By adding Egs. (1.13) and (1.14) together, and using the above definitions, one has

1

(1.18) wp = [0 = il + )]

Let 1 —v2 #0,ie,1—v#0and1+v#0. Then Egs. (1.13) and (1.14) can be divided by
(1 — 1) and (1 + v), respectively. By subtracting the resulting equations from each other, one has

(1.19) (uf)? = (ugh)]

The a scheme is formed by Egs. (1.18) and (1.19).

Note that the superscript symbol “a” that appears in Egs. (1.17) and (1.19) is introduced to
indicate that Eq. (1.19) is valid for the a scheme.



(=) )il + @+ 0) (=)0

LY
N =

(1.18) uy =

n a n def “—. n—1/2 n-1/2
(1.19) (uh)] = (uih); = 5 Tm+vg.+w\\m - Amuvutm\\L

(1.9) u*(z,t;5,n) = ul + (us)} [(z —z5) —a(t - t")], (z,t) € SE(4,n)

+
(1.7) R*(z,t55,n) = (au*(z,t;5,n), u*(z,t;5,n))
pa
(J,n) (J,M)
B g \(Z Jﬁ B g M JL...
CE_(j,n)|CE (g,n) CE(7,n)
> L | ot ®
ce 5 E C = E



Special Features of the a Scheme

It has the simplest stencil.

Its two amplification factors are identical to those of the Leapfrog scheme.
Therefore it is nondissipative within its stability domain: 0 < || < 1.

It is a two-way marching scheme, i.e., the forward marching scheme can be
inverted to become the backward marching scheme and vice versa.

For each mesh point (j,n), it is associated with two discrete equations and two
independent unknowns u} and (us)}. As a result, the a scheme is consistent
with a system of two PDEs involving two dependent variables with one of the

PDEs being Eq. (1.1).

In its construction, the surface integration over any interface separating two
neighboring CEs is evaluated using the information from a single SE (no ex-
trapolation or interpolation is used!). As a result, the local conservation rela-
tion Eq. (1.12) leads to a global flux conservation relation, i.e., the total flux

of h* leaving the boundary of any space-time region that is the union of any

combination of CEs will also vanish. G, M)

B F

(3-1/2,n~1/2) (3+1/2, n=1/2)
c D E



The a-p Scheme

The a-p scheme is a solver of

ou ou 0%u
(1.20 ot %oz Moz

=0

where a and p > 0 are constants. Note that the integral form of the above PDE is

(1.3) vw h-ds=0
5(V)

with

(1.21) h = (au — pdu/dz, u)

The construction procedure of the a-u scheme is identical to that of the a scheme
except that Eq. (1.7) is replaced by

(1.22)  B*(z,t;5,n) ¥ (au*(z,t;5,n) — pdu*(z,t;5,1)/0z, u*(z,t;,n))



The a-¢ Scheme

For the a-€ scheme, the less stringent conservation condition

(1.23) & h*-d5=0
S(CE(j,n))

is imposed at each (j,n). Again the local conservation condition Eq. (1.23) leads to
" a global conservation condition, i.e., the total flux of h* leaving the boundary of any
space-time region that is the union of any combination of CE(j,n), (j,n) € Q, will
also vanish.

Because Eq. (1.23) &

(1.18) uy =

P =2 [ )s)infs + L+ (=)0

N =

the a-¢ scheme shares with the a scheme the same first (principal) constituent equa-

ﬂmOHH. AQB.V Fu. n .
Y] ’ , )
C D D E DR\ D lﬁm

CE_(j,n) CE, (1) CE(I,M)




For any (j,n), let
n

AH NAV .:\3 &hm :lw\N “ N =|R\N a ﬁ

: jE1/2 = Ujgq0 t (at/ X.Evu.w“\w m.,.ww
Using (u4)} = —a(uz)7 and v = aat/az, Eq. (1.24) = il._‘! 5|w~.

b.ml I'.Alllblm. —t
n ﬂ.l.H\N nN‘ 2

(1.25) :u.nE\w = [u-2v :EFH\N

Because ﬁ.MH /2 18 a first-order Taylor’s approximation of u at (j £1/2,n). Thus

n _ \.3. \.3 _ \.3.
AH M@v A:n.._'v# &.l.ln.Nm :.u..TH\M :blw\w AT :..TTH\N :&IH\M
. ! 4 4 AT

x

is a central-difference approximation of du/dr at (j,n), normalized by the factor az/4. The a-€
scheme is formed by Eq. (1.18) and

(1.27) (ud)} = (ug)} + 2e(ugt — uz*)}

where € is a real number.

(a) The superscript symbol “c” is introduced to indicate the central-difference nature of A:mjw.

(b) The a-€ scheme is stable if 0 < e <1and 0 < |v| < 1;

(c) The numerical dissipation associated with the a-¢ scheme generally increases with e.

(d) The type of Numerical dissipation introduced by the second term in Eq. (1.24) is effective in
damping out numerical instabilities that arise from the smooth region of a solution. But it is less
effective in suppressing numerical wiggles that often occur near a discontinuity.



The a-e-a-3 Scheme .

Let o ;,Qill.iT v

<
|
< -
<
+
Bi-

n At
n def 1 In n AT QG...TH\M — Y 2
(1.28) (uih)F = (Uil —uj) = . i
z g\Tit/2 T 4 Az /2 n
/ lﬁTbMH\m e S5 g
u
n _ ,0n J
c+ \n def L n _ Az Uy — Uj-1/2 m
AH.M@V Agﬁl J = MAQG Ilg.\w.l.u.\w - 4 DS\M Qu..w.w.ll.r! o ‘wa
‘n T.. \\\\ / |
U ot uﬂ/, _
J
Then M " |
L R A
n | 9 |
(130 ()] = 5 )7 + (D)) A
) _ A x
Let the function W, be defined by (i) W,(0,0,a) = 0 and (ii) -t %5 Lk
o |%r_ 4+ |x_|%x
131)  Wiloo,apa) = ZHLE=T T2 g o> 0)

|4 |® + |z |°

where z, z_ and a > 0 are real variables. Note that Wo(z—-,z+;a), a nonlinear
weighted average of z_ _and x4, becomes their simple average if a = 0 or lz_| = |z4].



The a-e-a-B3 scheme is formed by Eq. (1.18) and

(132) ()} = (b} + 2e(u® = ) + Bl =¥
Here

w n def c c :
(1.33) (ueh)r = W, ((ugh)}, (ugh)} i @)

Note that:
(a) (u¥*)} = (ugt)?ifa=0or (ust 1= (ust )7
(b) The a-e-a-3 scheme generally is stable if 0 < e < 1, B >0and a > 0.
(¢) We have

((ue*)r ife=p=0

(1.34) (uf)? = J (ust)? ife=1/2and f=0

| (w¥*)? ife=1/2and f=1

(a) In the smooth region of the solution, (ugh )7 and A:m._hvw are more or less equal and, as a result,
(u¥* — uZt)} becomes negligible.

(b) Gencrally, with the choice of o =1 or a = 2, the numerical dissipation introduced is sufficient
to suppress numerical wiggles.
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(a). — The dual space-time mesh

Figure 22. — Concept of dual space-time meshes
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(b). — A rectangular space-time region
shared by CE (1/2,1/2) and CE,(0,1/2)

Figure 22. (concluded)
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The Euler ¢ Scheme

Consider a dimensionless form of the 1-D unsteady Euler equations of a perfect gas. Let p, v, p,
and -~ be the mass density, velocity, static pressure, and constant specific heat ratio, respectively. Let

(2.1) up=p, ug=pv, uz=p/(y—1)+(1/2)pv?
(2:2) fi = us,

(2.3) fa = (7= Dusz + (1/2)(3 = 7)(u2)*/ur,

(2.4) fa = yuauafur — (1/2)(7y = 1)(u2)*/ (u1)*.

Then the Euler equations can be expressed as

Oupy,  Ofm
2.3 =0, =1,2,3.
(2:5) ot + oz m
The integral form of Eq. (2.5) in space-time E is
(2.6) & R, -ds =0, m=1,23,
S(V)
where 7, = (fm, tm), m = 1,2,3, are the space-time mass, momentum, and energy current density

vectors. respectively.



Let (i)

(2.7) fm k def O fm/Ouk, m,k=1,2,3
and (ii) (um)} be the numerical version of u, at any (4,n).

Because fn, and fm, i are functions of up, for any (j,n), we can and will define (fm)}
and Q:;vw to be the values of f., and fm. i, respectively, when um,, m = 1,2,3,
respectively, assume the values of (um)j, m = 1,2,3. Furthermore, because fms
m = 1,2, 3, are homogeneous functions of degree 1 in the variables um,, m = 1,2,3,

we have (see p. 11 of Methods of Mathematical Physics Vol. 11, by R. Courant and
D. Hilbert, interscience, 1962)

(2.8) (fm)? = Y _(frm )] (k)]
k=1

Note that Eq. (2.8) is not essential in the development of the 1D CE/SE Euler solvers.

However, in some instances, it is used to recast some equations into more convenient
forms.



For anv (r.t) € SE(j,n), um(z,1), fm(z,t) and mBAaLY respectively, are approximated by

(2.9) oy (2,t55,m) Z (wm)? + (me)F (@ = 5) + (umd)F (¢ = ¢7)
(2.10) £ (2t ,m) = () 4 (Froe) P& = 25) + (Fm) (£ = 17)
(2.11) Rt (z,t55,m) = (Fa(@,t;5,n), up(z,ti5,n))

Here we assume that

A.NHMV A me % ﬂ_o», MUA.\,.S »uv.w A‘:;nav.u ’ @5& A,\uﬂ:nv.‘ mmm MA.\S #vu Aﬁ\\ivu

(2.13) (umt); = =(fma)]

Note that (i) the two equations in Eq. (2.12) are the numerical analogues of the analytical relations

. @\_3 m.\ua %Q;a %\3 @.\_3 %Qw
(2.14) M Bur Bz’ ~and T IMUI.lllln

respectively, and (ii) assuming Eqgs. (2.9) and (2.10), Eq. (2.13) is equivalent to

ut (z,t;4,n) 4 ofr(z,t;4,n) _
ot or -



Note that, by their definitions,
(i) (fm)7 and (fm,k)7, m = 1,2,3, are functions of (um)j, m =1,2,3,
(ii) (fme)j, m = 1,2,3, are functions of (um)? and (Umsz)7, m=1,2,3, and

(iii) (fmt)7, m = 1,2,3, are functions of (u)} and (um:)}, m=1,2,3.

Furthermore, item (ii) and Eq. (2.13) imply that (um:)7, m = 1,2,3, are also
functions of (uy,)} and (umz)7, m =1,2,3. As a result, the coefficients on the right
sides of Egs. (2.9) and (2.10) are functions of (um)? and (ume)7, m = 1,2,3.

7
For all (7,n), we assume that

(2.16) & h: - ds =0, m=1,23
S(CEx(j,n))

Using Egs. (2.9)—(2.11), Eq. (2.16) implies that

n —-1/2 , AT n—1/2
AQ.SV.Q. - AQBVM\HH\\M + .MI _”AQSHV.Q..HH\\N + A\ESHV.“;
(2.17)

(at)?
4Ax

t e . - i
+ WMIH T%ﬂ;vﬁwm\\w o Cﬁ:vgg + T,\Sﬂvuwﬂw\\w + A\,S“VQQ —0.



For each mesh point (j,n), let (i)

def AT n
(2.18) (ute)] = H?Evt m=1,2,3

(ii) 47 and (uF %, respectively, be the 3 X 1 column matrices formed by (un,) and

(uf ), m=1,2,3,

mzx/j)

and

(iii) (F+)7 be the 3 x 3 matrix formed by (at/az)(fmxr)], mk =1,2,3.

Then with the aid of Egs. (2.8), (2.12) and (2.13), one can rewrite Eq. (2.17) as
a pair of matrix equations, i.e., for any mesh point (7,7),

(219)  [(I=FHya+ (I—(F) &)} = [~ FHa- (- (F ) atl),

and

(220) (T4 F¥)i= (T— (FY?) @]} = [+ FHya+ (- () af])2

J

where [ is the 3 x 3 identity matrix.



Note that the flux conservation conditions related to the a scheme, 1.e.,

(113 (1= vyt (L= ud]] = [ - e = (=)
and
(1.14) [(1+v)u—(1- :J:ﬁw =[1+v)u+(1- %vzﬁﬁm\\w

share the same algebraic structure with their Euler counterparts, 1.e.,

(2.19) ([ - FHyi+ ([ - (Fr?) at]; = [ - Fha— (I-(F)) T
and
(220 (Lt FHyi— (I- (FP) at]! = [+ PR+ (- ) a5

In fact. the former pair will become the latter pair if the symbols 1, v, u and u} are replaced by I,
F*. i and @, respectively. As a result, Eqgs. (2.19) and (2.20) will be solved by a procedure similar
to that used earlier to extract Egs. (1.18) and (1.19) from Egs. (1.13) and (1.14).

However, becausc
(1) matrix multiplication is not commutative,
and
(ii) the matrix (F*)” is a function of (um)?, m=1,2, 3, while v is a simple constant,

s will be shown shortly, the algebraic structure of the solution to Egs. (2.19) and (2.20) is more
complex than that of Egs. (1.13) and (1.14).



The addition of Egs. (2.19) and (2.20) =

where

(2.22)

and

(2.23)

ur

J

1

2

{(I-FH3]5 0 + [+ F*)s )

~ \n—1/2 def
( v&.+H\m =

S+

A_W. V\Z\IH\M nmlmum

J

~1/2 =

j+1/2

[@—(I+F*)a;

[@+ (I — Fr)a;

s

n—1/2
f.i\w

n—1/2
T.IH\N

Note that Eqgs. (2.21)—-(2.23) are the Euler counterparts of

(1.18)

(1.15)
and

(1.16)

respectively.

(5+)

(s-)

n—1/2 def
Jj+1/2

n—1/2 def
j=1/2

[u— (14 v)uf]

? + (1 — tvzﬁ

1 n— n-l/2
2 ? —v)(s4))5a)s + 1+ 2UCOm

n—1/2
j+1/2

n—1/2
j—1/2

n—1/2
j—1/2

|

j



To obtain the second part of the solution to

(2.19) (- FHya+ (I-(FH))at]l = [I-FHyi- (I-(F*))d o
and
(2.20) (T4 P4y - (1= (FHR) ]} = [(T+ FHa+ (1= (FH) at]),

existence of the inverses of both [I£(F¥)]* must be assumed. Let Egs. (2.19) and (2.20) be multiplied
from the left by

[(I-F)Y™" and [I+FH}]
respectively. Let the resulting expressions be subtracted from each other. Then, because

(2.24) (I - FHI+FO? =[I+FH(I - FH)} =~ (FH7;

one obtains

(2.25) (@Hy = (@35

where

(2.26) (@t € W@w - S)7

(2.27) Son & (- P I - Py - (1= (FH) a1
o = \n def +yn] =1 Vg +12 .,+=:m



Note that

(2.25) (43)7 = (@39)F
2.26 é+:%lm Sy
5 o n def n1~1 7 T
(2.27) (S} € [T-FH3)7 [ - FHya— (I - (F%)?) Zh Py
and
o 3 \n def o wpin—1/2
(2.28) (S ST+ FHF 7 [T+ Fha+ (T (FH)?) ad]T ),
respectively, are the Euler counterparts of
(1.19) (u3); = (ug*)7

_ adn def 1 n—1/2 n—1/2
(1.17) A:a+¥ =5 Trvit\m - ?LTH\\L

) n— def n—1/2
(1.13) ?Lim\\w = [u~ C+S:Hr.+:~
and

n—1/2 def n-1/2

(1.16) Amnvu.liw = [u+(1- :V:HF.L\N



Let the marching variables at the (n — 1/2)th time level be given. Then
be evaluated using

| L 1n—1/2 - 1n—1/2
(2.21) =5 ﬁﬁ ~ P95+ [T+ FHs )70
Because [I £ F'*]} is a function of 47}, it follows that

~ \n def n1—=1r1, -~ n—1/2
AMM‘NV A.m..._.vu. - _HA.N o Nu+v.w@ 7.~| .m.l.v,g - AN.I ANU._.vmv @MJQ..*.H\M

5 \n def +yn] -1 +\7 +\2) 1 1/2
(2.28) (S S [T+FY; [T+ FHa+ (- (FN)*)ag]._ ),
and

e 1, = o

(2.26) (@7 € 55 - 57

can also be evaluated. Thus Eq. (2.21) and
(2.25) (@)} = (@g")3

form an explicit marching scheme—the Euler a scheme.

uy

J

can



An Existence Theorem
Let

(i) v and ¢ be the fluid speed and sonic speed, respectively (v and c are known functions of up,,
m = 1.2,3 [1]).

(ii) v7 and cf, respectively, denote the values of v and ¢ when um, m = 1,2,3, respectively, assume

the values of (um)}, m=1,2,3.
and (1i1)
def Al def At n def At n
(2.29) (v1)} = 2\ vy —c}), ()] = 20 (v3); = Ae +c7)

Then it is shown in [2] that

[(I-FH)?]™" and [(I+F%)}]”

exist if and only if
(2.30) [(ve)7)” # 1, £=1,2,3

Obviously that Eq. (2.30) must be true if, for all (j,n), the local Courant number

(2.31) v 4 max{|(v1)2], ()31, |(va)}1} < 1



The Euler a-¢ Scheme

For the Euler a-€ scheme, the less stringent conservation conditions
(2.32) m h* -ds=0, m=1,2,3
S(CE(j,n))

is imposed at each (j,n). It can be shown that Eq. (2.32) & Eq. (2.21).
For any (j,n), let

. - def n—1/2 L \n—1/2 - i n—1/2
(2.33) :g\.mim = :WE\\N + ADN\MXSVMWC\M = (4 — wm,+:.a+vww<\m

where Ambwﬁm \\w is the column matrix formed by A:::VM.MHH \\w ,m=1,2,3. Also let

=2In ~=*In “Iin =In

U, — U, U —U.
. ~ct\n def Tj4+1/2 —-1/2 AT +1/2 —-1/2
Aw.w»v A:m vw = 2 / i=1/ = 41/ iz

4 4 AZ

Then the Euler a-¢ scheme is formed by Eq. (2.21) and

(2.35) (@) = (@eh)7 + 2e(i@st - ah)j

where € is a real number.

Note that it has been shown numerically that (i) the Euler a-e scheme generally is stable if

(2.36) 0<e<1, and v <1 forall (j,n)

and (ii) the numerical dissipation associated with the scheme increases as the value of € increases.



The Euler a-e-a-3 Scheme

For any (j,n) and any m = 1,2, 3, let

AT A:\va+iw — (um)j}

. - c n Qom n n
ANW\V AQJM.H.TV AA\C“S.V.Q..TH\N - Aﬁéﬁ.vuv = D&\M
and
o n anm n n AT A\:Q:v% | A:\ﬂ:v%lw\m
(2.38) (ut, )7 A?sx = (um)i-172) = rT/2

=/n

with (), )7, /, and (um)} being the mth components of U}}) /s and 47, respectively. Let (ush)? be
the mth component of (@S*)?. Then it can be shown that

mx

(2.39) (ush)™ = o (it )F + (unl0)7]

N -

Let Amij be the 3 X 1 column matrix formed by
S\QAA Umzt Q,AC vz.. vq S“vagw
The Euler a-e-a-8 scheme is formed by Eq. (2.21) and

(2.40) (@) = (@2 + 2e(ast — agt)} + play" — 477
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Figure 6. — (a) The CEs associated with G”. (b) the CEs associated with C*’
(c) The relative positions of the CEs of successive time steps
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Figure 21. — Spatial projection of part of a 3D space-time mesh,
showing the construction of a CE
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